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Abstract
An explicit formula is given for the quantity of entanglement in the output
state of a beam splitter, given the squeezed vacuum states input in each mode.
For the general Gaussian states input, the necessary and sufficient condition
for the inseparability of the output state from a beam splitter is given.
The beam splitter is one of the few quantum devices that may act as the entangler. The
entangler properties of a beam splitter have been studied in the past [1–7].
In laboratory, coherent states and squeezed states are two popularly existing robust states.
It is well known that no entanglement is produced if the input states are coherent states.
Therefore it is important to know the entanglement property when squeezed states are used
as the input. The output entanglement quantity is studied in ref [4] given the squeezed
state input. In particular, an explicit formula expressing the output state in the form of
two mode squeezed states are given. However, the result there is limited to a type of rather
specific case. For example, the beam splitter there is limited to the 50:50 beam splitter, the
input squeezed states can only have the real squeezing parameters and so on. In this paper,
we shall investigate this problem in a rather general background. We will give an explicit
formuly for the entanglement quantity of the output state.
In general, the input state could be a mixed state. So far there is no good meassure for the
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entanglement quantity in the most general case. However, it’s possible to investigate the
problem of the necessary or necessary and sufficient conditions for a state to be an entangled
state. It is shown that [7] in order to obtain an entangled output state, a necessary condition
is that the input state should be non-classical. However, this is only a necessary condition
to obtain the entangled output state, it is not a sufficient condition in general. Since a beam
splitter operator is unitary, it is reversible. It has been shown in ref [4] that nonclassical
separable input state can be changed to an entangled state in the output. The inverse of
such a process makes examples that even though the input state is nonclassical, the output
could be still separable. Some specific examples are given in [6]. The necessary and sufficient
condition for an inseparable output state is not given so far. It is possible to obtain the
necessary and sufficient condition for inseparability of the output state given the Gaussian
input state. We will give this condition explicitly in this paper.
Consider a loseless beam splitter(see figure 1). We can distinguish the field mode a and mode
b by the different propagating direction. Most generally, the property of a beam splitter





















cos θeiφ0 sin θeiφ1
− sin θe−iφ1 cos θe−iφ0

 (4)
Bˆj00i = j00i. (5)
Here ρin and ρout are the density operator for the input and output states respectively. Both
of them are two mode states including mode a and mode b. The elements in the matrix MB
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are determined by the beam splitter itself, aˆ, bˆ are the annihilation operators for mode a
and mode b respective, j00i is the vacuum state for both mode. Equation (5) is due to the
simple fact of no input no output.
Suppose the input states are the squeezed vacuum states in each mode, i.e.

























For simplicity, we use the charasteristic function for the input state ρin and the output state
ρout.
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I











a,b, (xˆa, pˆa) = N(aˆ








. In the case of squeezed states input, the characteristic function is




(jξa cosh ra − ξaeiχa sinh raj2 + jξb cosh rb − ξbeiχb sinh rbj2)
]
, (9)
where ra,b = jζa,bj and χa,b = ζa,b/ra,b. The characteristic function of the output state is















Denote the output state of mode a being ρoa. The quantity of entanglement for the output
state between mode a and mode b is
E(ρoa) = tr(ρoa ln ρoa). (11)
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The charasteristic function for the output state in mode a is






























 . After calculation we obtain
the matrix elements
m11 = cosh
2 ra + sinh
2 ra − 2 sinh ra cosh ra cos(2φ0 + χa)
+ cosh2 rb + sinh
2 rb − 2 sinh rb cosh rb cos(2φ1 − χb), (14)
m12 = m21 = 2 [sinh rb cosh rb sin(2φ1 − χb) − sinh ra cosh ra sin(2φ0 + χa)] (15)
and
m22 = cosh
2 ra + sinh
2 ra + 2 sinh ra cosh ra cos(2φ0 + χa)
+ cosh2 rb + sinh
2 rb + 2 sinh rb cosh rb cos(2φ1 − χb). (16)
We can choose an appropriate unitary transformation to ρoa to obtain another density op-
erator ρ0oa whose charasteristic function is































This is to say, the state defined by the characteristic function in equation(17) is a thermal
state in the form







Since the trace value does not change under any unitary transformation, the entanglement






For the thermal state defined by equation(20), calculation for the quantity trρ0ao ln ρ
0
ao is
straightforward. Thus we have the following result for the quantity of entanglement of the
output state given the squeezed state input in each mode:
E(ρout) = ln(1 − e−β) + βe
−β
1 − e−β = ln
2
2δ + 1






with δ being defined by equation(18) and equation(14,15,16). The above equation together
with the previous equations for the definition of δ gives a direct calculation formula for
the entanglement quantity given the indepedent squeezed state as the input to each mode.
In order to maximize the entanglement, we should maxmize the value of δ. Therefore the
following conditions are required for the maximum entanglement
2φ1 − χb = 0; 2φ0 + χ0 = 0. (24)
Note that even these conditions are satisfied, we should still take a further seting between
the values of cos2 θ and ra, rb to obtain the largest entanglement given the input state. That
is to say, with our formula, one is not only able to know entanglement quantity of the output
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state but also able to maximize the entanglement through adjusting the parameters in the
beam splitter given the input squeezed states or adjusting the parameters in the input states
given the beam splitter.
We have studied the entanglement quantity given squeezed vacuum states input. Now
we begin to study the creterin for the inseparability given arbitrary Gaussian state input.
Actually, to a two mode Gaussian state, the necessary and sufficient condition for the insep-
arability has been given in the exisiting literature already, e.g., Simon’s work [9]. So to give
the creterin for the entangled output state, we only need to give the charasteristic function
of the output state first and then use Simon’s result. Again we use the characteristic func-
tion for the input state. Without any loss of generality, we may assume the characteristic
function for a Gaussian input state to be















and Min is a 4  4 real symmetric matrix. The characteristic function for the output state
is
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Using the properties Bˆ as listed in eq.(3) we have


















 (xˆa, pˆa, xˆb, pˆb)T , (28)





1 0 0 0
0 0 1 0
0 1 0 0




Therefore the characteristic function of the output state is



















































From this we can see that the covariance matrix of the output state is
Mout = QMinQ
T . (33)




cos θ cos φ0 − cos θ sin φ0 sin θ cos φ1 − sin θ sin φ1
cos θ sin φ0 cos θ cos φ0 sin θ sin φ1 sin θ cos φ1
− sin θ cos φ1 − sin θ sin φ1 cos θ cos φ0 cos θ sin φ0













cos θ cos φ0 − cos θ sin φ0
cos θ sin φ0 cos θ cos φ0

 and Y =


sin θ cos φ1 − sin θ sin φ1
sin θ sin φ1 sin θ cos φ1

. Suppose





































Using the Simon’s result [9] we know that the necessary and sufficient condition for the
inseparability of the output state is






− tr(AJCJBJCT J) < 1
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. Together with equation(34) and equation(36), equation(37) gives the
creterin to judge whether the output state is entangled or not given the beam splitter and
arbitrary Gaussian form input state.
In summary, we have studied the following properties for a beam splitter entangler: In the
case that the input state is a squeezed vacuum state in each mode, we have given the explicit
formula for the entanglement quantity in the output state; in the case that the input state is
a general Gaussian state, a necessary and sufficient condition is given for the inseparability
of the output state.
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FIG. 1. A schematic diagram for the beamsplitter operation. Both the input and the output
are two mode states. The different mode is distinguished by the propagating direction of the field.
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